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Inducing sizable spin–orbit interactions in graphene by proximity effect is establishing as a success-
ful route to harnessing two-dimensional Dirac fermions for spintronics. Semiconducting transition
metal dichalcogenides (TMDs) are an ideal complement to graphene because of their strong intrinsic
spin–orbit coupling (SOC) and spin/valley-selective light absorption, which allows all-optical spin in-
jection into graphene. In this study, we present a microscopic theory of spin dynamics in weakly dis-
ordered graphene samples subject to uniform proximity-induced SOC as realized in graphene/TMD
bilayers. A time-dependent perturbative treatment is employed to derive spin Bloch equations gov-
erning the spin dynamics at high electronic density. Various scenarios are predicted, depending on
a delicate competition between interface-induced Bychkov-Rashba and spin–valley (Zeeman-type)
interactions and the ratio of intra- to inter-valley scattering rates. For weak SOC compared to
the disorder-induced quasiparticle broadening, the anisotropy ratio of out-of-plane to in-plane spin
lifetimes ζ = τ⊥s /τ
‖
s agrees qualitatively with a toy model of spins in a weak fluctuating SOC field
recently proposed by Cummings and co-workers [PRL 119, 206601 (2017)]. In the opposite regime of
well-resolved SOC, qualitatively different formulae are obtained, which can be tested in ultra-clean
heterostructures characterized by uniform proximity-induced SOC in the graphene layer.
I. INTRODUCTION
The tailored control of electronic properties in van der
Waals heterostructures built from the assembly of two-
dimensional (2D) crystals has provided a unique route to
explore interface-induced phenomena [1–3]. Heterostruc-
tures combining graphene and semiconducting group-VI
dichalcogenides [MX2 (e.g., M=Mo, W; X=S, Se)] could
enable low-power spin-logic devices harnessing the unique
interplay between quantum (spin and valley) degrees of
freedom in honeycomb layers [4–6]. This thrust has been
fueled by the prospect of enhancing spin–orbital effects in
graphene [7, 8], while preserving the quintessential Dirac
character of its 2D quasiparticles. The much sought after
interface-induced SOC has been recently demonstrated
in graphene/TMD bilayer heterostructures [9–14], where
sharp weak antilocalization features in the magnetocon-
ductance data [11–14] and dramatic reduction of spin
lifetimes [15–17] hint at a massive enhancement of spin–
orbit interactions in the 2D carbon layer (up to 10 meV),
consistent with the predictions of model calculations and
first-principles studies [10, 18, 19].
The modification of electronic states in graphene-based
van der Waals heterostructures due to proximity-induced
SOC can be understood within a weak interlayer cou-
pling picture, where Dirac states located in the band gap
of a 2D semiconductor are perturbed in two fundamental
ways. Firstly, the interfacial breaking of mirror inversion
symmetry leads to the familiar Bychkov-Rashba effect
[20]. The spin rotational invariance is lifted (point group
symmetry reduction D6h → C6v), which causes the spin
splitting of the Dirac states. Secondly, the proximity to
different atoms (metal or chalcogen elements) located be-
neath the graphene flake (C6v → C3v) effectively “trans-
fers” the sublattice-resolved SOC of the TMD substrate
onto graphene (and hence spin–valley interactions). The
relative magnitude of the spin–orbit effects experienced
by pi-electrons in graphene depend on type and number
of TMD layers, degree of vertical strain, and possible
presence of resonant spin–orbit scatterers [21–25]. The
proximity spin–orbital effects couple all internal degrees
of freedom of graphene (i.e. spin, sublattice and valley),
enabling interesting spin-dependent non-equilibrium phe-
nomena, including highly anisotropic spin dynamics [26],
spin-Galvanic and spin-Hall effects [27–29].
In this work, we investigate how spin relaxation times
in weakly disordered monolayer graphene are affected by
proximity-induced SOC. The spin–orbit (SO) interaction
enters the long-wavelength continuum Hamiltonian as an
additional uniform term VSO, that is (we choose natural
units with ~ = 1 = e)
HC3v =
∫
dxΨ†(x) [τz vσ · p+ VSO + U(x) ] Ψ(x) ,
(1)
where v is the Fermi velocity of massless Dirac fermions
and U(x) is a disorder potential describing scattering
from nonmagnetic impurities. The Hamiltonian is ex-
pressed in the basis (KA ↑,KA ↓,KB ↑,KB ↓,K ′B ↑
,K ′B ↓,K ′A ↑,K ′A ↓)T and we have introduced τς (σς)
with ς = 0, x, y, z as Pauli matrices in the valley (sub-
lattice) space, respectively (here, τ0 and σ0 denote iden-
tity matrices). While knowing exactly the SO interaction
is generally not possible, first-principles calculations and
transport data provide a mean to estimate the various
SO terms allowed by symmetry [30–33]. It is straightfor-
ward to show that there are only three such terms com-
patible with C3v symmetry, VSO = HKM + HBR + Hsv,
respectively, intrinsic-like SOC [34, 35], Bychkov-Rashba
SOC [36] and spin–valley interaction [18, 33]. We note
in passing that, beyond SOC, charge carriers in graphene
ar
X
iv
:1
80
7.
09
27
5v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
24
 Ju
l 2
01
8
2can also experience an orbital sublattice-staggered poten-
tial H∆ = ∆ τzσz [18]. This effect is believed to be very
weak in graphene/TMD bilayers (in contrast to rotation-
ally aligned graphene on h-BN [38]) and will be neglected
in the following discussion [37].
The intrinsic-type SOC reads
HKM = λKM τ0 σz sz. (2)
where λKM is the spin–orbit energy. This term is in-
variant under all symmetry operations of the D6h group,
and thus it is already present in pristine graphene. As
shown in a seminal work by Kane and Mele [35], a large
λKM would drive graphene into a nontrivial Z2 topolog-
ical insulating phase. However this term is very weak in
graphene on typical substrates [39–41]. Furthermore, in
2D heterostructures, the interfacial breaking of mirror in-
version symmetry favours the appearance of an in-plane
pseudo-magnetic field, that is, the familiar Bychkov-
Rashba effect. This term (invariant under the C6v point
group) directly couples to the velocity of electrons, thus
acting as a Lorentz pseudomagnetic field [28]:
HBR = λ τz zˆ · (σ × s) . (3)
Finally, in honeycomb layers with interpenetrating tri-
angular lattices made up of chemically distinct species,
another spin-conserving SOC is allowed [42, 43]. The
sublattice inversion asymmetry can be captured by intro-
ducing sublattice-resolved next-nearest neighbours hop-
pings reducing the point group symmetry to C3v [33].
This leads to a Zeeman-type spin-valley coupling
Hsv = λsv τz σ0 sz . (4)
The C3v scenario faithfully describes graphene on TMDs,
where the small lattice mismatch produces different SO
energy on A,B carbon sublattices [10, 18, 33]. Uniform
proximity-induced SO terms are block diagonal in valley
space due to absence of interlayer hoppings connecting
inequivalent valleys in graphene [30, 44].
Interface-induced Bychkov-Rashba and spin-valley in-
teractions in graphene/TMD bilayers can in principle be
large as tens of meV. With such a sizable imprinted in-
plane (Lorentz-type) and out-of-plane (Zeeman-type) SO
fields, the spin relaxation times for in-plane (‖) and out-
of-the-plane (⊥) polarization channels can be dramati-
cally different. A recently-introduced figure of merit for
the competition of the SOC along orthogonal spatial di-
rections is the spin relaxation time anisotropy (SRTA):
ζ = τ⊥/τ‖, which in graphene on TMDs has been es-
timated to be of order ζ ∼ 10 − 100 [15–17]. A sim-
ple treatment to obtain SRTA ratios has been put for-
ward in Ref. [45], which assumes that the electronic mo-
tion of bare quasiparticles (without SOC) is affected by
a perturbing spin–orbit field with its precession axis ran-
domly changing due to impurity scattering. The model
k
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 '? = 2  'k
<latexit sha1_base64="2j1Ohj8dPWRsAIHj2uyAi2sjV1Q=">AAACGnicbVBNS8NAEN34WetX1KOXxSJ4kJKUgl6EghePFewHNCFsNtN26SZZdjeFEvo7vPhXvHhQxJt48d+4 bXPQ1gcDj/dmmJkXCs6Udpxva219Y3Nru7RT3t3bPzi0j47bKs0khRZNeSq7IVHAWQItzTSHrpBA4pBDJxzdzvzOGKRiafKgJwL8mAwS1meUaCMFtutFwDXB3phIMWSBJ0CKG1zzLlcMIgnnwAO74lSdOfAqcQtSQQWagf3pRSnNYkg05USpnusI7edEakY5TMtepkAQOiID6BmakBiUn89fm+Jzo0S4n0pTicZz9fdETmKlJnFoOmOih2rZm4n/eb1M96/9nCUi05 DQxaJ+xrFO8SwnHDEJVPOJIYRKZm7FdGgioNqkWTYhuMsvr5J2reo6Vfe+XmnUizhK6BSdoQvkoivUQHeoiVqIokf0jF7Rm/VkvVjv1seidc0qZk7QH1hfPziYoPA=</latexit><latexit sha1_base64="2j1Ohj8dPWRsAIHj2uyAi2sjV1Q=">AAACGnicbVBNS8NAEN34WetX1KOXxSJ4kJKUgl6EghePFewHNCFsNtN26SZZdjeFEvo7vPhXvHhQxJt48d+4 bXPQ1gcDj/dmmJkXCs6Udpxva219Y3Nru7RT3t3bPzi0j47bKs0khRZNeSq7IVHAWQItzTSHrpBA4pBDJxzdzvzOGKRiafKgJwL8mAwS1meUaCMFtutFwDXB3phIMWSBJ0CKG1zzLlcMIgnnwAO74lSdOfAqcQtSQQWagf3pRSnNYkg05USpnusI7edEakY5TMtepkAQOiID6BmakBiUn89fm+Jzo0S4n0pTicZz9fdETmKlJnFoOmOih2rZm4n/eb1M96/9nCUi05 DQxaJ+xrFO8SwnHDEJVPOJIYRKZm7FdGgioNqkWTYhuMsvr5J2reo6Vfe+XmnUizhK6BSdoQvkoivUQHeoiVqIokf0jF7Rm/VkvVjv1seidc0qZk7QH1hfPziYoPA=</latexit><latexit sha1_base64="2j1Ohj8dPWRsAIHj2uyAi2sjV1Q=">AAACGnicbVBNS8NAEN34WetX1KOXxSJ4kJKUgl6EghePFewHNCFsNtN26SZZdjeFEvo7vPhXvHhQxJt48d+4 bXPQ1gcDj/dmmJkXCs6Udpxva219Y3Nru7RT3t3bPzi0j47bKs0khRZNeSq7IVHAWQItzTSHrpBA4pBDJxzdzvzOGKRiafKgJwL8mAwS1meUaCMFtutFwDXB3phIMWSBJ0CKG1zzLlcMIgnnwAO74lSdOfAqcQtSQQWagf3pRSnNYkg05USpnusI7edEakY5TMtepkAQOiID6BmakBiUn89fm+Jzo0S4n0pTicZz9fdETmKlJnFoOmOih2rZm4n/eb1M96/9nCUi05 DQxaJ+xrFO8SwnHDEJVPOJIYRKZm7FdGgioNqkWTYhuMsvr5J2reo6Vfe+XmnUizhK6BSdoQvkoivUQHeoiVqIokf0jF7Rm/VkvVjv1seidc0qZk7QH1hfPziYoPA=</latexit><latexit sha1_base64="2j1Ohj8dPWRsAIHj2uyAi2sjV1Q=">AAACGnicbVBNS8NAEN34WetX1KOXxSJ4kJKUgl6EghePFewHNCFsNtN26SZZdjeFEvo7vPhXvHhQxJt48d+4 bXPQ1gcDj/dmmJkXCs6Udpxva219Y3Nru7RT3t3bPzi0j47bKs0khRZNeSq7IVHAWQItzTSHrpBA4pBDJxzdzvzOGKRiafKgJwL8mAwS1meUaCMFtutFwDXB3phIMWSBJ0CKG1zzLlcMIgnnwAO74lSdOfAqcQtSQQWagf3pRSnNYkg05USpnusI7edEakY5TMtepkAQOiID6BmakBiUn89fm+Jzo0S4n0pTicZz9fdETmKlJnFoOmOih2rZm4n/eb1M96/9nCUi05 DQxaJ+xrFO8SwnHDEJVPOJIYRKZm7FdGgioNqkWTYhuMsvr5J2reo6Vfe+XmnUizhK6BSdoQvkoivUQHeoiVqIokf0jF7Rm/VkvVjv1seidc0qZk7QH1hfPziYoPA=</latexit>
S?
<latexit sha1_base64="UAURSTWnzIIpWxWru5dbbk/k/rs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmgckS5iddJIhs7PDzKwQlnyEF w+KePV7vPk3TpI9aGJBQ1HVTXdXpAQ31ve/vcLG5tb2TnG3tLd/cHhUPj5pmSTVDJssEYnuRNSg4BKblluBHaWRxpHAdjS5nfvtJ9SGJ/LRThWGMR1JPuSMWie1H/o9hVr1yxW/6i9A1kmQkwrkaPTLX71BwtIYpWWCGtMNfGXDjGrLmcBZqZcaVJRN6Ai7jkoaowmzxbkzcuGUARkm2pW0ZKH+nshobMw0jlxnTO3YrHpz8T +vm9rhTZhxqVKLki0XDVNBbELmv5MB18ismDpCmebuVsLGVFNmXUIlF0Kw+vI6aV1VA78a3Ncq9VoeRxHO4BwuIYBrqMMdNKAJDCbwDK/w5invxXv3PpatBS+fOYU/8D5/AERBj3c=</latexit><latexit sha1_base64="UAURSTWnzIIpWxWru5dbbk/k/rs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmgckS5iddJIhs7PDzKwQlnyEF w+KePV7vPk3TpI9aGJBQ1HVTXdXpAQ31ve/vcLG5tb2TnG3tLd/cHhUPj5pmSTVDJssEYnuRNSg4BKblluBHaWRxpHAdjS5nfvtJ9SGJ/LRThWGMR1JPuSMWie1H/o9hVr1yxW/6i9A1kmQkwrkaPTLX71BwtIYpWWCGtMNfGXDjGrLmcBZqZcaVJRN6Ai7jkoaowmzxbkzcuGUARkm2pW0ZKH+nshobMw0jlxnTO3YrHpz8T +vm9rhTZhxqVKLki0XDVNBbELmv5MB18ismDpCmebuVsLGVFNmXUIlF0Kw+vI6aV1VA78a3Ncq9VoeRxHO4BwuIYBrqMMdNKAJDCbwDK/w5invxXv3PpatBS+fOYU/8D5/AERBj3c=</latexit><latexit sha1_base64="UAURSTWnzIIpWxWru5dbbk/k/rs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmgckS5iddJIhs7PDzKwQlnyEF w+KePV7vPk3TpI9aGJBQ1HVTXdXpAQ31ve/vcLG5tb2TnG3tLd/cHhUPj5pmSTVDJssEYnuRNSg4BKblluBHaWRxpHAdjS5nfvtJ9SGJ/LRThWGMR1JPuSMWie1H/o9hVr1yxW/6i9A1kmQkwrkaPTLX71BwtIYpWWCGtMNfGXDjGrLmcBZqZcaVJRN6Ai7jkoaowmzxbkzcuGUARkm2pW0ZKH+nshobMw0jlxnTO3YrHpz8T +vm9rhTZhxqVKLki0XDVNBbELmv5MB18ismDpCmebuVsLGVFNmXUIlF0Kw+vI6aV1VA78a3Ncq9VoeRxHO4BwuIYBrqMMdNKAJDCbwDK/w5invxXv3PpatBS+fOYU/8D5/AERBj3c=</latexit><latexit sha1_base64="UAURSTWnzIIpWxWru5dbbk/k/rs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmgckS5iddJIhs7PDzKwQlnyEF w+KePV7vPk3TpI9aGJBQ1HVTXdXpAQ31ve/vcLG5tb2TnG3tLd/cHhUPj5pmSTVDJssEYnuRNSg4BKblluBHaWRxpHAdjS5nfvtJ9SGJ/LRThWGMR1JPuSMWie1H/o9hVr1yxW/6i9A1kmQkwrkaPTLX71BwtIYpWWCGtMNfGXDjGrLmcBZqZcaVJRN6Ai7jkoaowmzxbkzcuGUARkm2pW0ZKH+nshobMw0jlxnTO3YrHpz8T +vm9rhTZhxqVKLki0XDVNBbELmv5MB18ismDpCmebuVsLGVFNmXUIlF0Kw+vI6aV1VA78a3Ncq9VoeRxHO4BwuIYBrqMMdNKAJDCbwDK/w5invxXv3PpatBS+fOYU/8D5/AERBj3c=</latexit>
⌧?s = ⌧
k
s /2<latexit sha1_base64="P0wjtxTwb369Nvbmhy6B23iWXGs=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVU2KoBuh6MZlBfuAJobJ9KYdOpmEmYlQSpdu/BU3LhR x6ye482+ctllo64ELZ865l7n3hClnSjvOt1VYWl5ZXSuulzY2t7Z37N29pkoySaFBE57IdkgUcCagoZnm0E4lkDjk0AoH1xO/9QBSsUTc6WEKfkx6gkWMEm2kwD70NMnuvRRkGqjL/EEk4Rx4oE6rgV12Ks4UeJG4OSmjHPXA/vK6Cc1iEJpyolTHdVLtj4jUjHIYl7xMQUrogPSgY6ggMSh/ND1kjI+N0sVRIk0Jjafq74kRiZUaxqHpjInu q3lvIv7ndTIdXfgjJtJMg6Czj6KMY53gSSq4yyRQzYeGECqZ2RXTvomBapNdyYTgzp+8SJrViutU3Nuzcu0qj6OIDtAROkEuOkc1dIPqqIEoekTP6BW9WU/Wi/VufcxaC1Y+s4/+wPr8AfREmec=</latexit><latexit sha1_base64="P0wjtxTwb369Nvbmhy6B23iWXGs=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVU2KoBuh6MZlBfuAJobJ9KYdOpmEmYlQSpdu/BU3LhR x6ye482+ctllo64ELZ865l7n3hClnSjvOt1VYWl5ZXSuulzY2t7Z37N29pkoySaFBE57IdkgUcCagoZnm0E4lkDjk0AoH1xO/9QBSsUTc6WEKfkx6gkWMEm2kwD70NMnuvRRkGqjL/EEk4Rx4oE6rgV12Ks4UeJG4OSmjHPXA/vK6Cc1iEJpyolTHdVLtj4jUjHIYl7xMQUrogPSgY6ggMSh/ND1kjI+N0sVRIk0Jjafq74kRiZUaxqHpjInu q3lvIv7ndTIdXfgjJtJMg6Czj6KMY53gSSq4yyRQzYeGECqZ2RXTvomBapNdyYTgzp+8SJrViutU3Nuzcu0qj6OIDtAROkEuOkc1dIPqqIEoekTP6BW9WU/Wi/VufcxaC1Y+s4/+wPr8AfREmec=</latexit><latexit sha1_base64="P0wjtxTwb369Nvbmhy6B23iWXGs=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVU2KoBuh6MZlBfuAJobJ9KYdOpmEmYlQSpdu/BU3LhR x6ye482+ctllo64ELZ865l7n3hClnSjvOt1VYWl5ZXSuulzY2t7Z37N29pkoySaFBE57IdkgUcCagoZnm0E4lkDjk0AoH1xO/9QBSsUTc6WEKfkx6gkWMEm2kwD70NMnuvRRkGqjL/EEk4Rx4oE6rgV12Ks4UeJG4OSmjHPXA/vK6Cc1iEJpyolTHdVLtj4jUjHIYl7xMQUrogPSgY6ggMSh/ND1kjI+N0sVRIk0Jjafq74kRiZUaxqHpjInu q3lvIv7ndTIdXfgjJtJMg6Czj6KMY53gSSq4yyRQzYeGECqZ2RXTvomBapNdyYTgzp+8SJrViutU3Nuzcu0qj6OIDtAROkEuOkc1dIPqqIEoekTP6BW9WU/Wi/VufcxaC1Y+s4/+wPr8AfREmec=</latexit><latexit sha1_base64="P0wjtxTwb369Nvbmhy6B23iWXGs=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVU2KoBuh6MZlBfuAJobJ9KYdOpmEmYlQSpdu/BU3LhR x6ye482+ctllo64ELZ865l7n3hClnSjvOt1VYWl5ZXSuulzY2t7Z37N29pkoySaFBE57IdkgUcCagoZnm0E4lkDjk0AoH1xO/9QBSsUTc6WEKfkx6gkWMEm2kwD70NMnuvRRkGqjL/EEk4Rx4oE6rgV12Ks4UeJG4OSmjHPXA/vK6Cc1iEJpyolTHdVLtj4jUjHIYl7xMQUrogPSgY6ggMSh/ND1kjI+N0sVRIk0Jjafq74kRiZUaxqHpjInu q3lvIv7ndTIdXfgjJtJMg6Czj6KMY53gSSq4yyRQzYeGECqZ2RXTvomBapNdyYTgzp+8SJrViutU3Nuzcu0qj6OIDtAROkEuOkc1dIPqqIEoekTP6BW9WU/Wi/VufcxaC1Y+s4/+wPr8AfREmec=</latexit>
!? = 2!k
<latexit sha1_base64="DUUQ9AMv2ThXzJCZfvZ1KZaCclE=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBbBg5SkCHoRil48VrC10MSy2U7apbtJ2N0IJfTsx b/ixYMiXv0F3vw3btsg2vpg4PHeDDPzgoQzpR3nyyosLC4trxRXS2vrG5tb9vZOU8WppNCgMY9lKyAKOIugoZnm0EokEBFwuA0Gl2P/9h6kYnF0o4cJ+IL0IhYySrSROva+FwvokTsvAZmcV71j/CMQSTgH3rHLTsWZAM8TNydllKPesT+9bkxTAZGmnCjVdp1E+xmRmlEOo5KXKkgIHZAetA2NiADlZ5NXRvjQKF0cxtJUpPF E/T2REaHUUASmUxDdV7PeWPzPa6c6PPMzFiWphohOF4UpxzrG41xwl0mgmg8NIVQycyumfRMB1Sa9kgnBnX15njSrFdepuNcn5dpFHkcR7aEDdIRcdIpq6ArVUQNR9ICe0At6tR6tZ+vNep+2Fqx8Zhf9gfXxDcY5mk4=</latexit><latexit sha1_base64="DUUQ9AMv2ThXzJCZfvZ1KZaCclE=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBbBg5SkCHoRil48VrC10MSy2U7apbtJ2N0IJfTsx b/ixYMiXv0F3vw3btsg2vpg4PHeDDPzgoQzpR3nyyosLC4trxRXS2vrG5tb9vZOU8WppNCgMY9lKyAKOIugoZnm0EokEBFwuA0Gl2P/9h6kYnF0o4cJ+IL0IhYySrSROva+FwvokTsvAZmcV71j/CMQSTgH3rHLTsWZAM8TNydllKPesT+9bkxTAZGmnCjVdp1E+xmRmlEOo5KXKkgIHZAetA2NiADlZ5NXRvjQKF0cxtJUpPF E/T2REaHUUASmUxDdV7PeWPzPa6c6PPMzFiWphohOF4UpxzrG41xwl0mgmg8NIVQycyumfRMB1Sa9kgnBnX15njSrFdepuNcn5dpFHkcR7aEDdIRcdIpq6ArVUQNR9ICe0At6tR6tZ+vNep+2Fqx8Zhf9gfXxDcY5mk4=</latexit><latexit sha1_base64="DUUQ9AMv2ThXzJCZfvZ1KZaCclE=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBbBg5SkCHoRil48VrC10MSy2U7apbtJ2N0IJfTsx b/ixYMiXv0F3vw3btsg2vpg4PHeDDPzgoQzpR3nyyosLC4trxRXS2vrG5tb9vZOU8WppNCgMY9lKyAKOIugoZnm0EokEBFwuA0Gl2P/9h6kYnF0o4cJ+IL0IhYySrSROva+FwvokTsvAZmcV71j/CMQSTgH3rHLTsWZAM8TNydllKPesT+9bkxTAZGmnCjVdp1E+xmRmlEOo5KXKkgIHZAetA2NiADlZ5NXRvjQKF0cxtJUpPF E/T2REaHUUASmUxDdV7PeWPzPa6c6PPMzFiWphohOF4UpxzrG41xwl0mgmg8NIVQycyumfRMB1Sa9kgnBnX15njSrFdepuNcn5dpFHkcR7aEDdIRcdIpq6ArVUQNR9ICe0At6tR6tZ+vNep+2Fqx8Zhf9gfXxDcY5mk4=</latexit><latexit sha1_base64="DUUQ9AMv2ThXzJCZfvZ1KZaCclE=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBbBg5SkCHoRil48VrC10MSy2U7apbtJ2N0IJfTsx b/ixYMiXv0F3vw3btsg2vpg4PHeDDPzgoQzpR3nyyosLC4trxRXS2vrG5tb9vZOU8WppNCgMY9lKyAKOIugoZnm0EokEBFwuA0Gl2P/9h6kYnF0o4cJ+IL0IhYySrSROva+FwvokTsvAZmcV71j/CMQSTgH3rHLTsWZAM8TNydllKPesT+9bkxTAZGmnCjVdp1E+xmRmlEOo5KXKkgIHZAetA2NiADlZ5NXRvjQKF0cxtJUpPF E/T2REaHUUASmUxDdV7PeWPzPa6c6PPMzFiWphohOF4UpxzrG41xwl0mgmg8NIVQycyumfRMB1Sa9kgnBnX15njSrFdepuNcn5dpFHkcR7aEDdIRcdIpq6ArVUQNR9ICe0At6tR6tZ+vNep+2Fqx8Zhf9gfXxDcY5mk4=</latexit>
⌧?s = ⌧
k
s<latexit sha1_base64="+w53H3NCcvpgwsdGHONcNl/RqjY=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkVwVRIRdCMU3bisYB/QxDCZ3rRDJ5NhZiKU0JUbf8W NC0Xc+g3u/BunbRbaeuDCmXPuZe49kWBUadf9tkpLyyura+X1ysbm1vaOvbvXUmkmCTRJylLZibACRjk0NdUMOkICTiIG7Wh4PfHbDyAVTfmdHgkIEtznNKYEayOF9qGvcXbvC5AiVJfFA0vMGLBQhXbVrblTOIvEK0gVFWiE9pffS0mWANeEYaW6nit0kGOpKWEwrviZAoHJEPehayjHCaggn54xdo6N0nPiVJri2pmqvydynCg1S iLTmWA9UPPeRPzP62Y6vghyykWmgZPZR3HGHJ06k0ycHpVANBsZgomkZleHDEwIRJvkKiYEb/7kRdI6rXluzbs9q9avijjK6AAdoRPkoXNURzeogZqIoEf0jF7Rm/VkvVjv1sestWQVM/voD6zPH/9AmXI=</latexit><latexit sha1_base64="+w53H3NCcvpgwsdGHONcNl/RqjY=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkVwVRIRdCMU3bisYB/QxDCZ3rRDJ5NhZiKU0JUbf8W NC0Xc+g3u/BunbRbaeuDCmXPuZe49kWBUadf9tkpLyyura+X1ysbm1vaOvbvXUmkmCTRJylLZibACRjk0NdUMOkICTiIG7Wh4PfHbDyAVTfmdHgkIEtznNKYEayOF9qGvcXbvC5AiVJfFA0vMGLBQhXbVrblTOIvEK0gVFWiE9pffS0mWANeEYaW6nit0kGOpKWEwrviZAoHJEPehayjHCaggn54xdo6N0nPiVJri2pmqvydynCg1S iLTmWA9UPPeRPzP62Y6vghyykWmgZPZR3HGHJ06k0ycHpVANBsZgomkZleHDEwIRJvkKiYEb/7kRdI6rXluzbs9q9avijjK6AAdoRPkoXNURzeogZqIoEf0jF7Rm/VkvVjv1sestWQVM/voD6zPH/9AmXI=</latexit><latexit sha1_base64="+w53H3NCcvpgwsdGHONcNl/RqjY=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkVwVRIRdCMU3bisYB/QxDCZ3rRDJ5NhZiKU0JUbf8W NC0Xc+g3u/BunbRbaeuDCmXPuZe49kWBUadf9tkpLyyura+X1ysbm1vaOvbvXUmkmCTRJylLZibACRjk0NdUMOkICTiIG7Wh4PfHbDyAVTfmdHgkIEtznNKYEayOF9qGvcXbvC5AiVJfFA0vMGLBQhXbVrblTOIvEK0gVFWiE9pffS0mWANeEYaW6nit0kGOpKWEwrviZAoHJEPehayjHCaggn54xdo6N0nPiVJri2pmqvydynCg1S iLTmWA9UPPeRPzP62Y6vghyykWmgZPZR3HGHJ06k0ycHpVANBsZgomkZleHDEwIRJvkKiYEb/7kRdI6rXluzbs9q9avijjK6AAdoRPkoXNURzeogZqIoEf0jF7Rm/VkvVjv1sestWQVM/voD6zPH/9AmXI=</latexit><latexit sha1_base64="+w53H3NCcvpgwsdGHONcNl/RqjY=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkVwVRIRdCMU3bisYB/QxDCZ3rRDJ5NhZiKU0JUbf8W NC0Xc+g3u/BunbRbaeuDCmXPuZe49kWBUadf9tkpLyyura+X1ysbm1vaOvbvXUmkmCTRJylLZibACRjk0NdUMOkICTiIG7Wh4PfHbDyAVTfmdHgkIEtznNKYEayOF9qGvcXbvC5AiVJfFA0vMGLBQhXbVrblTOIvEK0gVFWiE9pffS0mWANeEYaW6nit0kGOpKWEwrviZAoHJEPehayjHCaggn54xdo6N0nPiVJri2pmqvydynCg1S iLTmWA9UPPeRPzP62Y6vghyykWmgZPZR3HGHJ06k0ycHpVANBsZgomkZleHDEwIRJvkKiYEb/7kRdI6rXluzbs9q9avijjK6AAdoRPkoXNURzeogZqIoEf0jF7Rm/VkvVjv1sestWQVM/voD6zPH/9AmXI=</latexit>
!? = 2!k
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Figure 1. Spin relaxation in the minimal C6v model with
Bychkov-Rashba interaction. (a) The SO field Beff is orthogo-
nal to the direction of motion kˆ. (b) Due to the in-plane char-
acter of the Bychkov-Rashba interaction, initially zˆ-polarized
spins S⊥ are subject to a precession twice as fast as in-plane
S‖ spins. This reflects in: (c) a twice shorter spin relaxation
time τ⊥s = τ
‖
s /2 when λτ  1 ; (d) a faster precession period
in the damped oscillating mode (see Eqs. (37), (40)), with a
isotropic spin relaxation time τ⊥s = τ
‖
s , when λτ  1.
applied to graphene/TMDs systems yields analytic for-
mulas relating ζ to the ratio λsv/λ and τ/τiv, where τ
and τiv are, respectively, the intra- and inter-valley mo-
mentum lifetimes [26]. However, the formalism presented
there is limited to weak SOC, that is, λSOCτ  1 with
λSOC = {λ, λsv}. This can be a strong constraint when
trying to model ultra-clean samples with high charge car-
rier mobility, in which λSOCτ can be as large as unity
[11]. Also, a microscopic approach able to provide more
physical insight to spin relaxation would be desirable,
calling for a detailed study of how the spin dynamics is
affected by the interplay of uniform proximity-induced
SOC and impurity scattering. Here, we address theoreti-
cally this problem by means of the single-particle density
matrix formalism. We obtain a set of coupled spin Bloch
equations governing the spin dynamics for high elec-
tronic density   λ, λsv— being the Fermi energy—
assuming Gaussian-type (white-noise) disorder leading
to intra- and inter-valley scattering processes. A variety
of scenarios is shown to emerge, from simple- or multi-
exponentially decaying spin dynamics to purely damped
oscillating modes, depending on the relative magnitude
of the three main energy scales: λ, λsv and 1/τ . We pro-
vide analytic expressions for the SRTA ζ in the asymp-
totic limits of weak SOC (compatible with the findings
of Ref. [26]) and strong SOC, which should be used to fit
experimental data when λSOCτ & 1.
The paper is organized as follows. Section II derives
the general spin Bloch equations starting from the quan-
tum Liouville equation. In Sec. III, we provide analytic
solutions in the presence or absence of intervalley scat-
3tering and in the limiting cases of weak and strong SOC.
Section IV discusses the obtained SRTA, putting it in
relation with recent theoretical and experimental results
and Sec. IV presents our conclusions.
II. FORMALISM: SPIN BLOCH EQUATIONS
The starting point of our approach is the quantum Li-
ouville equation for the single-particle density matrix op-
erator [46–49]
∂ρ
∂t
= ı[H0 + VSO + U, ρ ] . (5)
We consider a scattering potential U generated by dilute
short-range impurities at random locations {xi}i=1...N ,
U(x) = Uintra(x) +Uinter(x) =
N∑
i=1
(ui +wiτx)fi(x) , (6)
where ui (wi) are reals parameterizing the amplitude of
intravalley (intervalley) scattering processes and {fi(x)}
characterize the spatial profile of the scattering poten-
tial. In order to derive the spin Bloch equations for high
electronic density, we follow closely the treatment by Cul-
cer and Winkler [47]. The first step is to project Eq. (5)
onto plane-wave eigenstates of the unperturbed graphene
Hamiltonian, namely
|kσκs〉 = 1√
2
(
κσ e−ıφk/2
eıφk/2
)
⊗ |κ〉 ⊗ |s〉 , (7)
where k is the wavevector around a Dirac point (φk is
the wavevector angle) and σ, κ, s = ±1 are quantum in-
dices for sublattice, valley and spin, respectively. The
free eigenvalues read as σκsk = σvk, where k = |k|. ρ
is then a matrix of dimension 23 = 8, whose matrix el-
ements are written as ρkk′ ≡ ραα′kk′ = 〈k′α′|ρ|kα〉 and
α = {σ, κ, s} is short-hand for the set of quantum indices
(we use a similar notation for H0, VSO and U). The
proximity-induced SOC term VSO has non-zero matrix
elements between conduction and valence states leading
to interband transitions. However, we focus here on the
large Fermi energy regime /λSOC  1, where interband
coherence effects are strongly suppressed. Hence, we take
〈k′σ′|ρ|kσ〉 = δσσ′ρkk′ . For simplicity of notation, we
consider positive energies  > 0, henceforth considering
electrons in the conduction band σ = 1 and dropping
the sublattice index from all expressions. To simplify the
treatment we also neglect valley coherence 〈κ′|ρ|κ〉 = δκκ′
[50]. The two inequivalent Dirac pointsK,K ′ can only be
connected then by scattering events, according to Eq. (6).
Following Ref. [47], we split the density matrix into
diagonal and off-diagonal elements: ρkk′ = fkδkk′ +
gkk′ ,where for gkk′ it is assumed k 6= k′. We have
dfk
dt
+ ı[H0 + VSO, fk] = −ı[U, g]kk , (8)
dgkk′
dt
+ ı[H0, g]kk′ = −ı[U, g]kk′ . (9)
To simplify the analytical treatment, we neglect the term
VSO in the commutator on the left-hand side of Eq. (9).
The approximation is valid in the limit of high Fermi
energy, that is,   λSOC. Also, U only contains off-
diagonal elements in k, such that the commutator on
the right-hand side of Eq. (8) only contains g. We are
ultimately interested in the diagonal part f , as the spin
observables are defined as
S =
1
2
Tr[ρ · s] = 1
2
∑
k,κ
tr[fκk · s] =
1
2
∑
k,κ
Sκk . (10)
We hence solve Eq. (9) and substitute the solution into
the right-hand side of Eq. (8), which gives the collision
integral. As customary, we treat Eq. (9) perturbatively
for weak disorder with Gaussian (white-noise) statistics
〈Uαα′kk′ 〉dis = 0 , (11)
〈Uαα′kk′ Uα
′α′′
k′k′′ 〉dis = δk,k′′δαα′′ ni |Uαα
′
kk′ |2 , (12)
where ni is the impurity areal density. After a somewhat
lengthy but straightforward calculation, where Eqs. (8)-
(9) are expressed in the interaction picture and the evo-
lution operator is expanded in powers of U , one arrives
at the following equation for the spin components Sκk
∂tS
κ
k + ıL
κ
k · Sκk = −pi
∑
k′κ′
δ(k − k′) 〈Sκk Uκκ
′
kk′ U
κ′κ
k′k + U
κκ′
kk′ U
κ′κ
k′k Sk − 2Uκκ
′
kk′ S
κ′
k′ U
κ′κ
k′k 〉dis (13)
with a Larmor precession term
Lκk =
 0 −κλsv λ cosφkκλsv 0 λ sinφk
−λ cosφk −λ sinφk 0
 . (14)
A few comments are in order. Central to the derivation of the quantum kinetic equation for the reduced spin den-
4sity matrix [Eq. (13)] is the assumption of Gaussian dis-
order. The latter is equivalent to the first Born approx-
imation [53] and thus it neglects any effects from skew
scattering (allowed in the C3v model [28]) and modifica-
tions to the energy dependence of the collision integral
due to scattering resonances. Nevertheless, the relation
between spin lifetime and momentum scattering time is
expected to be preserved at all orders in perturbation
theory, as shown explicitly in the minimal Dirac–Rashba
model (λsv = 0) with λSOCτ  1 [53]. This means that
inclusion of higher-order scattering processes beyond the
first Born approximation should not affect the SRTA ra-
tios in the regime of validity of the quantum kinetic treat-
ment (τ  1), consistently with the findings from exact
numerical simulations [26].
Next, we use the quantum kinetic equation Eq. (13)
to obtain the spin Bloch equations governing the spin
dynamics. Firstly, we separate the collision integral I[Sκk]
into intra and inter-valley parts, κ′ = {κ, κ¯} = {κ,−κ},
with the corresponding matrix elements of the scattering
potential
|Uκκkk′ |2 = u2 cos2
φk − φk′
2
≡ u2Fkk′ , (15)
|Uκκ¯kk′ |2 = w2 sin2
φk − φk′
2
≡ w2Gkk′ , (16)
where we have assumed that the impurity potential has
a common matrix structure i.e., ui = u and wi = w (the
generalization of our results to an arbitrary number of
uncorrelated disorders can be easily accomplished using
the standard Mathiessen’s rule). We can then write
I intra[Sκk] = −2pi niu2
∑
k′
Fkk′(S
κ
k − Sκk′) ∆kk′ , (17)
I inter[Sκk] = −2pi niw2
∑
k′
Gkk′(S
κ
k − Sκ¯k′) ∆kk′ . (18)
where ∆kk′ ≡ δ(k − k′). To solve the coupled system
of 6 equations (3 spin × 2 valley) Eq. (13), we expand Sκk
in cylindric harmonics
Sκk =
∞∑
m=−∞
Sκ,mk e
ımφk , (19)
We note that the Dirac-delta function in Eq. (13) imposes
energy conservation i.e., k = k′, such that the compo-
nents of Sκk′ also depend on k. Substituting Eq. (19) into
Eq. (13), and retaining only the lowest-order harmonics
m = 0,±1 we finally obtain (see Appendix for details)
∂tS
0
x = −
2α2
τ
(S0x − S¯0x)− 2λsvS0y + λ
∑
m=±1
Smz , (20)
∂tS
0
y = −
2α2
τ
(S0y − S¯0y) + 2λsvS0x + ıλ
∑
m=±1
mSmz ,
(21)
∂tS
0
z = −
2α2
τ
(S0z − S¯0z )− λ
∑
m=±1
(
Smx + ımS
m
y
)
, (22)
and
∂tS
±1
x = λS
0
z − 2λsvS±1y − hα(S±x , S¯±x ) , (23)
∂tS
±1
y = ∓ıλS0z + 2λsvS±1x − hα(S±y , S¯±y ) , (24)
∂tS
±1
z = −λ(S0x ∓ ıS0y)− hα(S±z , S¯±z ) , (25)
where
hα(S
±1
i , S¯
±1
i ) =
1
τ
[(1 + 2α2)S±1i + α
2S¯±1i ] , (26)
with (Sκ=±1,mk )i ≡ (Smi , S¯mi ). We have introduced the
ratio of inter- to intra-valley energy scales defined as α =
w/u, as well as the intravalley momentum scattering time
τ = (niu
2/4v2)−1 . (27)
The spin Bloch equations [Eqs. (20)-(25)] together with
the corresponding expressions for the barred component
at κ = −1—obtained by the formal replacement S → S¯
and λsv → −λsv—are the central result of this section.
III. RESULTS
We are mostly interested in the zeroth harmonics of
the various spin components, which according to Eq. (10)
completely determine the spin density observables [51].
In most cases it is not possible to derive a simple closed
expressions for arbitrary λ, λsv. Therefore in the fol-
lowing we solve the equations in the two limiting cases
λ λsv and λ λsv, which is also helpful to get physical
insight.
A. Intravalley scattering only: w = 0
The calculations are carried out explicitly for the out-
of-plane component Sz ≡ S0z + S¯0z . The spin Bloch equa-
tions are recast in the following form ∂t −λ 04λ ∂t − 1τ −2λsv
0 2λsv ∂t − 1τ
 Szy
z
 =
 00
0
 , (28)
5where we introduced the following admixtures of in-plane
spin harmonics
y =
∑
m=±1
(Smx + S¯
m
x ) + ım (S
m
y + S¯
m
y ) , (29)
z =
∑
m=±1
(Smy + S¯
m
y )− ım (Smx + S¯mx ) . (30)
The eigenfunctions can be written as Sz(t)y(t)
z(t)
 = 3∑
i=1
civie
ωit , (31)
where ωi are the the solution of the algebraic equation
ω3 +
2
τ
ω2 +
[
4(λ2 + λ2sv) +
1
τ2
]
ω +
4λ2
τ
= 0 , (32)
and vi are the corresponding eigenvectors. The coeffi-
cients ci are determined by imposing the Cauchy bound-
ary conditions S0z (t = 0) = 1, y(t = 0) = z(t = 0) = 0.
The analytical solution to Eq. (32) is rather cumbersome.
It is more transparent instead to find a solution pertur-
batively by expanding
ω = ω(0) + β ω(1) + β2ω(2) +O(β3) , (33)
where β  1 and β = λsv/λ (β = λ/λsv) representing
the case of dominant Bychkov-Rashba (spin-valley) spin–
orbit interaction. We find for λ λsv
Sz(t) =
∑
s=±1
1
2
(1− s√
1− c2z
)eωst , (34)
where cz = 4λτ and
ωs = − (1 + s
√
1− c2z)
2τ
(
1− λ
2
sv
2λ2
c2z
c2z − 1 + s
√
1− c2z
)
.
(35)
For the minimal Dirac–Rashba model with λsv = 0, we
recover the familiar Dyakonov-Perel relation [54], result-
ing in an exponentially decaying solution with spin re-
laxation time
τ⊥|λsv=0;λτ1 = (4λ2τ)−1. (36)
In the latter regime, the spin polarization is lost due
to motional narrowing, yielding its characteristic depen-
dence on the momentum scattering time τ⊥ ∝ τ−1 (see
e.g., Refs. [45, 49]). In the opposite limit of resolved spin-
splitting λτ  1, electrons complete full Larmor coher-
ent precession cycles between scattering events, which
induce spin-memory loss (see Fig. 1 and discussion be-
low). In this limit, the spin lifetime is of the order of the
momentum scattering time, similarly to two-dimensional
electron gases with large spin splitting [55–57]. Combin-
ing the two limiting cases, we have
Sz(t)|λλsv =
{
exp[−4λ 2τ t (1− 4λ2svτ2)] , λτ  1 ,
e−t/2τ cos(2λ t(1 + λ2sv/λ
2)) , λτ  1 .
(37)
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Figure 2. Spin dynamics for strong proximity-induced SOC
(λτ, λsvτ  1) in the presence of intervalley scattering. For
dominant Bychkov-Rashba SOC (a), while the period of the
oscillation is different for in-plane and out-of-plane spins, the
decaying (spin relaxation) time is the same, as discussed in the
main text and illustrated in Fig. (1). For dominant spin-valley
SOC (b) the out-of-plane component is weakly sensitive to
the value of τiv. This is expected to hold in the highly-doped
regime  λsv, as discussed in the main text.
For dominant spin–valley SOC (λsv  λ), we find instead
Sz(t)|λλsv = exp
[
− 4λ
2τ t
1 + 4λ2svτ
2
]
, (38)
which provides the asymptotic behaviour
Sz(t)|λλsv =
{
exp[−4λ 2τ t(1− 4λ2svτ2)] , λsvτ  1 ,
e
− tτ λ
2
λ2sv , λsvτ  1 .
(39)
6For the in-plane component a similar procedure leads to
Sx(t)|λλsv =
{
exp[−2λ 2τ t(1− 4λ2svτ2)] , λτ  1 ,
cos
(√
2λt
)
cos (λsvt) e
− t2τ , λτ  1 .
(40)
and
Sx(t)|λλsv =
exp[−2λ
2τ t(1− 4λ2svτ2)] , λsvτ  1 ,
cos
[
2λsvt
(
1 + λ
2
λ2sv
)]
e
− t2τ λ
2
λ2sv , λsvτ  1 .
(41)
Interestingly, the two weak SOC limits λ  λsv  1/τ
and λsv  λ  1/τ display the same spin dynamics.
The spin–valley term only provides a small correction
to the Dyakonov-Perel spin-relaxation time. From these
results, the SRTA ratio for pure intravalley disorder is
readily obtained
ζ =
{
1 λτ  λsvτ, 1
1/2 all other cases ,
(42)
that is the conventional SRTA of the minimal (C6v)
model with weak Rashba SOC, i.e. ξ = 1/2 [45] is ob-
served irrespective of the spin-valley coupling. On the
contrary, in the case of strong Bychkov-Rashba SOC,
the quantum kinetic treatment predicts ξ = 1. This re-
sult is related to the role of the Bychkov-Rashba field
in the two opposite limits λτ  1 and λτ  1, cf.
Fig. 1. Note that because of the totally-in plane Bychkov-
Rashba SOC, simple commutator algebra for the preces-
sion term [HR,S] gives that the period of out-of-plane
spins is half of that of in-plane ones: T⊥ = T‖/2. In the
Dyakonov-Perel limit λτ  1, where electrons’ spin only
precesses a small angle before being scattered, the spin
dynamics can be understood as the result of a random
walk, with unit step δϕi. Spin relaxation is achieved af-
ter N collisions when the accumulated phase ϕ is of the
orde of unit, that is, ϕi ≡ N δϕi ∼ 1. The faster preces-
sion of Sz reflects in a different unit step δϕ⊥ = 2δϕ‖,
which immediately implies τ⊥s = τ
‖
s /2, i.e. spins along zˆ
reach the critical value ϕz ∼ 1 in half of the time com-
pared to initially in-plane spins. On the contrary, when
λτ  1, spin relaxation is achieved on the time scale of a
single impurity scattering event, as spins can coherently
complete many precession cycles on a time scale τ . The
anisotropic spin precession reflects instead in this case in
the oscillating term rather than the spin decay, as found
in Eqs. (37) and (40).
B. Intervalley scattering case: w 6= 0
Short-range scatterers and atomically-sharp defects re-
sponsible for a finite intervalley scattering time τiv are
0
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Figure 3. Spin dynamics for weak proximity-induced SOC in
the presence of intervalley scattering, for λsv  λ (λ  λsv)
[panel (a), (b) respectively]. The in-plane spin polarization is
more sensitive to the value of τiv, whereas out-of-plane spins
are virtually unaffected by a finite τiv in the limit of very weak
Bychkov-Rashba SOC. This is consistent with the findings in
Ref. [26].
invariably present in realistic conditions [11]. Thus, the
inclusion of intervalley processes in the collision integral
is crucial to understand the spin dynamics in graphene-
based heterostructures. Let us start again from the out-
of-plane component. We find in this case
 ∂t −λ 04λ ∂t − 1τ+ −2λsv
0 2λsv ∂t − 1τ−
 Szy
z
 =
 00
0
 , (43)
7with
1
τ±
=
1
τ
+
2± 1
3
1
τiv
, (44)
where we have identified the intervalley momentum life-
time
τiv =
τ
3α2
. (45)
Proceeding as shown above, we obtain after standard al-
gebraic manipulations
Sz(t)|λλsv =
{
exp[−4λ2 τ+ t (1− 4λ2svτ+τ−)] , λτ  1 ,
cos
[
2λ
(
1 +
λ2sv
λ2
)]
e−t/2τ+ , λτ  1 .
(46)
Sz(t)|λλsv =
{
exp[−4λ2 τ+ t(1− 4λ2svτ+τ−)] , λsvτ  1 ,
e
− tτ−
λ2
λ2sv , λsvτ  1 .
(47)
Considering the in-plane components, we were able to
reduce the initial set of 8 coupled equations to two equa-
tions coupling Sx = S0x + S¯0x and S˜y = S0y − S¯0y (see
Appendix for details), reading as(
∂2t + 2λ
2 + 1τ+ 2λsv(∂t +
1
τ+
)
−2λsv(∂t + 1τ∗ ) ∂2t + 2λ˜2 + 1τ + 53 1τiv
)(
Sx
S˜y
)
=
(
0
0
)
,
(48)
where we have set
2λ˜2 = 2λ2 +
2
3
1
τiv
1
τ∗
, (49)
1
τ∗
=
1
τ
+
1
3
1
τiv
. (50)
Solving Eq. (48) with the same boundary conditions as
above, i.e. Sx(t = 0) = 1 and all the other functions
being zero at the initial time, we find
Sx(t)|λλsv =

exp[−(2λ2τ+ + 3λ2svτiv)t] , λτ  1 ,
exp[−(1/2τ+ + 3λ2svτiv)t]×
× cos(√2λt) , λτ  1 ,
(51)
and
Sx(t)|λλsv =

exp[−(2λ2τ+ + 3λ2svτiv)t] , λsvτ  1 ,
A cos (2λsvt) e
−
(
λ2
2λ2sv
1
τ+
+ 23τiv
)
t
, λsvτ  1 .
(52)
with A = 1+3τiv/τ5+3τiv/τ . In the large λsv limit, second line of
the latter equation, the solution includes a second term
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Figure 4. Traces of fixed SRTA in the weak (a) and strong (b)
proximity-induced SOC regime, Eq. (53). (a) The inset shows
a comparison with the spin white-noise model in Ref. [26] for
ζ = 10. (b) Traces of fixed SRTA in the strong proximity-
induced SOC regime, Eq. (53), third line. A typical ratio
τiv/τ ∼ 25 is compatible with a broad range of SOCs in the
interval λsv/λ = 14 − 80 depending on the measured SRTA
ratio.
B e−(τ
−1+5τ−1iv /3)t with B = 45+3τiv/τ , giving overall a
multi-exponential solution. This term is subleading in
the cases we are interested in, hence we neglected it in
Eq. (52). In Figs. 2 and (3), we show representative ex-
amples of the spin polarization dynamics in the strong
and weak SOC limits, respectively, according to our re-
sults.
8IV. SPIN RELAXATION TIME ANISOTROPY
We discuss now in more detail how the spin dynamics
evolves from weak proximity-induced SOC (λSOCτ  1)
to well-resolved SOC (λSOCτ  1). The explicit form of
the SRTA ratio is
ζ =

1
2 +
3
4
λ2sv
λ2
(
1 + τivτ
)
, λτ, λsvτ  1 ,
1 +O(λ2sv/λ
2) , λτ  1 λsvτ ,
1
1+
3τiv
τ
[
2λ2sv
λ2 + 3
(
1 + τivτ
)]
, λsvτ  1 λτ .
(53)
Together with the microscopic derivation of the spin
Bloch equation for this model, Eqs. (20)-(25) and their
solution—showing a a crossover between a purely
damped to oscillating damped spin dynamics—these are
the most important results of this paper. The first ob-
servation concerns the strong Bychkov-Rashba case with
λτ  1  λsvτ , which can in principle be achieved
in clean graphene-based heterostructures, where also the
lattice mismatch is sizable enough to produce λsv ≈ 0.
Contrary to the other two presented cases (first and third
lines of Eq. (53)), in this limit a direct estimation of τiv/τ
or λsv/λ is not possible. Hence, whenever ζ ≈ 1 is mea-
sured, the extraction of other parameters from spin pre-
cession measurements alone should be considered unfea-
sible.
We focus in the following on the two more interesting
cases λτ, λsvτ  1 and λsvτ  1  λτ. For the weak
SOC case—first line of Eq. (53)—we report a visualiza-
tion of the obtained result in terms of contour lines for
fixed ζ, see Fig. (4)(a). Our results agrees very well with
the toy model supporting the numerical findings in Ref.
[26], i.e.
ζ =
1
2
+
λ2sv
λ2
τiv
τ
, (Ref. 25) , (54)
ζ =
1
2
+
3
4
λ2sv
λ2
(
1 +
τiv
τ
)
. (this work) (55)
Note the the different pre-factors in front of the sec-
ond term with respect to the results obtained from the
microscopic Hamiltonian, Eq. (53)), first line. The in-
set of Fig. 4(a) shows a detailed comparison for the case
ζ = 10. Following the analysis performed in Ref. [17]
(ζ = 11), assuming λsv/λ ∼ 0.67 for graphene/MoSe2
[18], a τiv/τ = 30 is obtained, which taking τ = 0.076 ps
gives τiv = 2.2 ps (against τiv = 1.7 ps following Ref. 54).
These estimtes (obtained from modeling of spin preces-
sion data for ζ) agree qualitatively well with typical relax-
ation times obtained from weak localization data [11, 58].
However different scenarios are possible. For instance,
in Ref. [12], the authors estimate λsv = 0.96meV ∼ 32λ,
with τ ∼ 12 ps for graphene/WS2 heterostructures. In
this case the weak SOC approximation might fail. In fact,
assuming ζ = 11 as above, using Eq. (54) from Ref. [26]
one would get an unphysical result τiv/τ = 0.01 < 1,
where the intervalley scattering time is shorter than the
(intravalley) momentum scattering time. The usage of
Eq. (53) in the limit of strong spin-valley (third line) then
is needed. Using this relation, we estimate τiv/τ ≈ 70,
pointing to dominant intravalley processes.
V. CONCLUSIONS
In this work, we investigated theoretically the spin dy-
namics in graphene with proximity-induced SOC. Start-
ing from the quantum Liouville equation, we derived the
effective spin Bloch equations governing the spin dynam-
ics of 2D Dirac fermions subject to in-plane (Bychkov-
Rashba) and out-of-plane (spin-valley) interactions. We
discussed in detail the irreversible loss of spin information
with origin in intra- and inter-valley scattering processes
within the standard Gaussian approximation for the dis-
order potential, obtaining the time dependence of the
spin polarization vector and associated spin-relaxation
times. We finally discussed the interesting results for
the spin relaxation-time anisotropy τ⊥s /τ
‖
s . The result
reported Ref. [26] for weak SOC is qualitatively repro-
duced by our microscopic theory. Crucially, we have
shown that the weak SOC approximation to the spin re-
laxation anisotropy ratios fails in when the proximity-
induced SOC is of the same order or larger than the
disorder-induced quasiparticle broadening. Our results
for well-resolved SOC then should be used to fit spin
precession measurements.
We remark that the adopted formalism is only valid
in the highly-doped regime of large Fermi energy, where
it is assumed that SOC only induces Larmor precession.
This is a strong assumption that might break down at low
electronic density in samples with large interface-induced
SOC of order 1−10 meV. In that case the spin texture of
the bands is well established; momentum is then strongly
correlated with the direction of the psuedomagnetic field,
which can favour or inhibit certain matrix elements of the
scattering potential U . For instance, intervalley scatter-
ing has been suggested detrimental for the out-of-plane
spin component, as producing transitions between states
with opposite Zeeman pseudomagnetic field Hκsv = −H κ¯sv
[26]. However our treatment, where the kinetic equations
are projected onto eigenstates of bare graphene, has not
the capability of capturing such an effect (see Figs. 2(b),
3(b), where Sz is virtually unaffected by the value of τiv).
A possibility to incorporate the SOC self-consistently is
by adopting the quantum diagrammatic formalism for
Dirac fermions, according to the procedure outlined in
Ref. [53]. We will address this problem in a future publi-
cation.
9APPENDIX A: DETAILS ON THE DERIVATION
OF THE SPIN BLOCH EQUATIONS
In this appendix we report more details about the
derivation of the spin Bloch equations [Eqs. (20)-(25)]
starting from the collision integral in Eq. (13)
∂tS
κ
k|scatt = 〈kκ|I|kκ〉 ≡ I[Sκk] (56)
= −pi
∑
k′κ′
δ(k − k′) 〈Sκk Uκκ
′
kk′ U
κ′κ
k′k + U
κκ′
kk′ U
κ′κ
k′k Sk − 2Uκκ
′
kk′ S
κ′
k′ U
κ′κ
k′k 〉dis (57)
Note the collision integral in Eq. (56) is diagonal in valley space, i.e. 〈kκ|I|kκ¯〉 = 0 which was justified in the main text.
Intervalley processes are still taken into account internally to the collision integral, i.e. by considering transitions of
the type K → K ′ → K where electrons initially at K(K ′) are scattered at K ′(K) and then scattered back at K(K ′).
For point-like impurities, the different matrix elements of the scattering potential are written as
Uκκ
′
kk′ =
N∑
i=1
eı(k
′−k)xi(ui δκκ′ cosφ+ ı wi δκκ¯′ sinφ) , (58)
φ ≡ φk′ − φk
2
, (59)
which plugged into Eq. (56) and after having taken after disorder average as prescribed in Eqs. (11),(12) gives Eqs. (17)-
(18) of the main text. Using the notation in the main text and the relation
pi niu
2
∫ ∞
0
dk′
2pi
k′δ(k − k′) = niu
2
v2
≡ 4
τ
, (60)
we have explicitly
I intra =− 4
τ
∑
m
eımφk
∫ 2pi
0
dφk′
2pi
cos2
(
φk − φk′
2
)[
1− e−ı 2m
(
φk−φk′
2
)]
Smi (61)
=− 4
τ
∑
m
eımφkSmi
∫ 2pi
0
dφ
2pi
cos2 φ (1− cos 2mφ) (62)
≡−
∑
m
eımφk
Smi
τAm
, (63)
with
1
τAm
=
4
τ
∫ 2pi
0
dφ
2pi
cos2 φ [1− cos(2mφ)] . (64)
and for the intervalley part
I inter =− 4
τ
α2
{∑
m
eımφk
∫ 2pi
0
dφk′
2pi
sin2
(
φk − φk′
2
)[
Smi − S¯mi e−ı 2m
(
φk−φk′
2
)]}
(65)
=− 4
τ
α2
(∑
m
eımφk
Smi
2
− S¯mi
∫ 2pi
0
dφ
2pi
sin2 φ cos 2mφ
)
(66)
=− α2
∑
m
eımφk
(
2Smi
τ
− S¯
m
i
τBm
)
, (67)
and
1
τBm
=
4
τ
∫ 2pi
0
dφ
2pi
sin2 φ cos(2mφ) . (68)
The SOC couples different harmonics m = 0,±1, .... Let
us neglect that for a while. We find the following system
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of equations
∂tS
m
i = −
(
1
τAm
+
2α2
τ
)
Smi +
α2
τBm
S¯mi (69)
∂tS¯
m
i = −
(
1
τAm
+
2α2
τ
)
S¯mi +
α2
τBm
Smi , (70)
and the corresponding expresssion at K ′, obtainable by
S → S¯. Solving them, we have(
Smi (t)
S¯mi (t)
)
= e
−( 1
τAm
+2α2 tτ )
 cosh(t α2τBm) sinh(t α2τBm)
sinh
(
t α
2
τBm
)
cosh
(
t α
2
τBm
) 
×
(
Smi (0)
S¯mi (0)
)
. (71)
Note for the m = 0 harmonics, we have τA0 → ∞ and
τB0 → τ/2, so that the solution for the total spin polar-
ization along iˆ is found Si = S0i +S¯0i = Si(t = 0), which is
connected to spin conservation in the absence of SOC—
the zeroth-harmonics oscillation of the Fermi surface is
associated in fact with the density.
Repeating the calculation in the presence of SOC, and
considering τA±1 = τ = −τB±1 we find Eqs. (20)-(25) of the
main text for the leading harmonics m = 0,±1.
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